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Abstract
The present thesis consisting of three chapters is devoted to the study of Fuzzy topo-
logical spaces. After giving the fundamental definitions we have discussed the concepts of
fuzzy continuity, fuzzy compactness, and separation axioms, that is, fuzzy Hausdorff space,
fuzzy regular space, fuzzy normal space etc.
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Chapter 1
Preliminaries and Introduction
1.1. Fuzzy Set
Zadeh [11], 1965, introduced the concept of fuzzy sets by defining them in terms of
mappings from a set into the unit interval on the real line. Fuzzy sets were introduced to
provide means to describe situations mathematically which give rise to ill-defined classes,
i.e., collections of objects for which there is no precise criteria for membership. Collections
of this type have vague or ”fuzzy” boundaries; there are objects for which it is impossible
to determine whether or not they belong to the collection. The classical mathematical the-
ories, by which certain types of certainty can be expressed, are the classical set theory and
the probability theory. In terms of set theory, uncertainty is expressed by any given set of
possible alternatives in situations where only one of the alternatives may actually happen.
Uncertainty expressed in terms of sets of alternatives results from the nonspecificity inher-
ent in each set. Probability theory expresses uncertainty in terms of a classical measure
on subsets of a given set of alternatives. The set theory, introduced by Zadeh, presents the
notion that membership in a given subset is a matter of degree rather than that of totally
in or totally out. With fuzzy set theory, one obtains a logic in which statements may be
true or false to different degrees rather than the bivalent situation of being true or false;
consequently, certain laws of bivalent logic do not hold, e.g. the law of the excluded middle
and the law of contradiction. This results in an enriched scientific methodology. Chang
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[2], introduced the notion of a fuzzy topology of a set in 1968, and our work is based on
the study of the properties of fuzzy topological spaces.
Definition 1.1.1 [11]. Let X be a non-empty set. A fuzzy set A in X is characterized
by its membership function µA : X → [0, 1] and µA(x) is interpreted as the degree of
membership of element x in fuzzy set A, for each x ∈ X. It is clear that A is completely
determined by the set of tuples A = {(x, µA(x)) : x ∈ X}.
1.2. Basic Operations on Fuzzy Sets
Definition 1.2.1 [11]: Let A = {(x, µA(x)) : x ∈ X} and B = {(x, µB(x)) : x ∈ X} be
two fuzzy sets in X. Then their union A ∨ B, intersection A ∧ B and complement Ac are
also fuzzy sets with the membership functions defined as follows:
(i) µA∨B(x) = max {µA(x), µB(x)}, ∀ x ∈ X.
(ii) µA∧B(x) = min {µA(x), µB(x)}, ∀ x ∈ X.
(iii) µAc(x) = 1− µA(x), ∀ x ∈ X.
Further,
(a) A ⊆ B iff µA(x) ≤ µB(x), ∀ x ∈ X.
(b) A = B iff µA(x) = µB(x), ∀ x ∈ X.
Lemma 1.2.2 [11]: The De Morgan’s law are true for fuzzy sets. That is suppose
A = {(x, µA(x)) : x ∈ X} and B = {(x, µB(x)) : x ∈ X} are fuzzy sets, then
(A ∪B)c = Ac ∩Bc · · · · · · · · · · · · (1)
(A ∩B)c = Ac ∪Bc · · · · · · · · · · · · (2)
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Proof of equation (1). We know that the following identity is true.
1−max[µA, µB] = min[1− µA, 1− µB] · · · · · · · · · · · · (3)
To show that we consider the two possible cases: µA ≥ µB and µA < µB. If µA ≥ µB, then
1−µA ≤ 1−µB and 1−max[µA, µB] = 1−µA = min[1−µA, 1−µB], which is equation (3).
If µA < µB, then 1−µA > 1−µB and 1−max[µA, µB] = 1−µB = min[1−µA, 1−µB] which
is again equation (3). Hence this equation (3) is true. Now, the membership function of
(A ∪B)c is given by
µ(A∪B)c(x) = 1− µA∪B(x)
= 1−max[µA(x), µB(x)]
= min[1− µA(x), 1− µB(x)]
= min[µAc(x), µBc(x)]
= µAc∩Bc(x)
This proves Equ. (1). Similarly, using (3) we can prove Equ. (2).
1.3 Images and Preimages of Fuzzy Sets
Definition 1.3.1 [6]: The symbol I will denote the unit interval [0,1]. Let X be a non-
empty set. Now, for the sake of simplicity of notation we will not differentiate between A
and µA. That is a fuzzy set A in X is a function with domain X and values in I, i.e. an
element of IX . Let A,B ∈ IX and let f : X → Y be a function. Then f(A) ∈ IY , i.e.
f(A) is a fuzzy set in Y , defined by
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f(A)(y) =

sup{A(x) : x ∈ f−1(y)} if f−1(y) 6= φ
0 if f−1(y) = φ,
and f−1(B) is a fuzzy set in X, defined by f−1(B)(x) = B(f(x)), x ∈ X.
Definition 1.3.2 [6]. The product f1×f2 : X1×X2 → Y1×Y2 of mapping f1 : X1 → Y1 and
f2 : X2 → Y2 is defined by (f1 × f2)(x1, x2) = (f1(x1), f2(x2)) for each (x1, x2) ∈ X1 ×X2.
For a mapping f : X → Y , the graph g : X → X × Y of f is defined by g(x) = (x, f(x)),
for each x ∈ X.
Definition 1.3.3 [6]. Let A ∈ IX and B ∈ IY . Then by A × B we denote the fuzzy set
in X × Y for which (A×B)(x, y) = min(A(x), B(y)), for every (x, y) ∈ X × Y .
Proposition 1.3.4 [6]. f−1(Bc) = (f−1(B))c, for any fuzzy set B in Y .
Proof. f−1(Bc)(x) = (Bc)f(x) = 1−B(f(x)) = 1− f−1(B(x)) = (f−1(B))c(x), ∀x ∈ X.
Proposition 1.3.5 [6]. f(f−1(B)) ≤ B, for any fuzzy set B in Y .
Proof. The proof follows by noting that
f(f−1(B)(y)) =

sup{f−1(B)(x) : x ∈ f−1(y)}, if f−1(y) 6= φ
0, if f−1(y) = φ
=

sup{B(f(x)) : x ∈ f−1(y)}, if f−1(y) 6= φ
0, if f−1(y) = φ
=

B(y), if f−1(y) 6= φ
0, if f−1(y) = φ
Proposition 1.3.6 [6]. Let f : X → Y be a mapping and Aj be a family of fuzzy sets of
Y , then
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(a) f−1(∨Aj) = ∨f−1(Aj)
(b) f−1(∧Aj) = ∧f−1(Aj)
Proof-(a).
f−1(∨Aj)(x) = (∨Aj)(f(x))
= (A1 ∨ A2 ∨ · · · ∨ Aj · · · )(f(x))
= max{A1f(x), A2f(x), · · · , Ajf(x) · · · }
= max{f−1(A1)(x), f−1(A2)(x), · · · , f−1(Aj)(x), · · · }
= (f−1(A1) ∨ f−1(A2) ∨ · · · ∨ f−1(Aj) · · · )(x)
= ∨f−1(Aj)(x)
(b).
f−1(∧Aj)(x) = (∧Aj)(f(x))
= (A1 ∧ A2 ∧ · · · ∧ Aj · · · )(f(x))
= min{A1f(x), A2f(x), · · · , Ajf(x) · · · }
= min{f−1(A1)(x), f−1(A2)(x), · · · , f−1(Aj)(x), · · · }
= (f−1(A1) ∧ f−1(A2) ∧ · · · ∧ f−1(Aj) · · · )(x)
= ∧f−1(Aj)(x)
Proposition 1.3.7 [6]. If A is a fuzzy set of X and B is a fuzzy set of Y , then 1−(A×B) =
(Ac × 1) ∨ (1×Bc).
Proof. (1−(A×B))(x, y) = max(1−A(x), 1−B(y)) = max((Ac×1)(x, y), (1×Bc)(x, y)) =
((Ac × 1) ∨ (1×Bc))(x, y) for each (x, y) ∈ X × Y .
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Proposition 1.3.8 [6]. Let fj : Xj → Yj be mappings and Aj be fuzzy sets of Yj, j = 1, 2;
then (f1 × f2)−1(A1 × A2) = f−11 (A1)× f−12 (A2).
Proof. For each (x1, x2) ∈ X1×X2, we have (f1×f2)−1(A1×A2) = (A1×A2)(f1(x1), f2(x2)) =
min(A1f1(x1), A2f2(x2)) = min(f
−1
1 (A1)(x1), f
−1
2 (A2)(x2)) = (f
−1
1 (A1)× f−12 (A2))(x1, x2).
Proposition 1.3.9 [6]. Let g : X → X × Y be the graph of a mapping f : X → Y . Let
A be a fuzzy set of X and B be a fuzzy set of Y , then g−1(A×B) = A ∧ f−1(B).
Proof. For each x ∈ X, we have g−1(A × B)(x) = (A × B)g(x) = (A × B)(x, f(x)) =
min(A(x), B(f(x))) = (A ∧ f−1(B))(x).
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Chapter 2
Fuzzy Topological Space
2.1. Fuzzy Topological Space
Definition 2.1.1 [6]. A family τ ⊆ IX of fuzzy sets is called a fuzzy topology for X if it
satisfies the following three axioms:
(1) 0, 1 ∈ τ .
(2) ∀A,B ∈ τ ⇒ A ∧B ∈ τ .
(3) ∀(Aj)j∈J ∈ τ ⇒ ∨j∈JAj ∈ τ .
The pair (X, τ) is called a fuzzy topological space or fts, for short. The elements of τ are
called fuzzy open sets. A fuzzy set K is called fuzzy closed if Kc ∈ τ . We denote by τ c
the collection of all fuzzy closed sets in this fuzzy topological space. Obviously, we have:
(a) αc ∈ τ c,
(b) if K,M ∈ τ c, then K ∨M ∈ τ c and
(c) if {Kj : j ∈ J} ∈ τ c, then ∧{Kj : j ∈ J} ∈ τ c.
Example 2.1.2 [6]. Let X = {a, b}. Let A be a fuzzy set on X defined as A(a) =
0.5, A(b) = 0.4. The τ = {0, A, 1} is a fuzzy topology. (X, τ) is a fuzzy topological space.
0(a) = 0,∀a ∈ x, 1(a) = 1,∀a ∈ x.
Let τ1 and τ2 be two fuzzy topology for X. If the inclusion relation τ1 ⊂ τ2 holds, we
say that τ2 is finer than τ1 and τ1 is coarser than τ2.
2.2 Base and Subbase for FTS
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Definition 2.2.1 [1]. A base for a fuzzy topological space (X, τ) is a sub collection B of
τ such that each member A of τ can be written as A = ∨j∈ΛAj, where each Aj ∈ B.
Definition 2.2.2 [1]. A subbase for a fuzzy topological space(X, τ) is a subcollection S
of τ such that the collection of infimum of finite subfamilies of S forms a base for (X, τ).
Definition 2.2.3. Let (X, τ) be an fts. Suppose A is any subset of X. Then (A, τA) is
called a fuzzy subspace of (X, τ), where τA = {BA : B ∈ τ}, B = {(x, µB(x)) : x ∈ X}
and BA = {(x, µB |A(x)) : x ∈ A}.
Definition 2.2.4 [6]. A fuzzy point P in X is a special fuzzy set with membership function
defined by
P (x) =

λ if x = y,
0 if x 6= y;
where 0 < λ ≤ 1. P is said to have support y, value λ and is denoted by P λy or P (y, λ).
Let A be a fuzzy set in X, then Pαy ⊂ A ⇔ α ≤ A(y). In particular, Pαy ⊂ P βz ⇔ y =
z, α ≤ β. A fuzzy point Pαy is said to be in A, denoted by Pαy ∈ A⇔ α ≤ A(y).
The complement of the fuzzy point P λx is denoted either by P
1−λ
x or by (P
λ
x )
c.
Definition 2.2.5 [6]. The fuzzy point P λx is said to be contained in a fuzzy set A, or to
belong to A, denoted by P λx ∈ A if and only if λ < A(x).
Every fuzzy set A can be expressed as the union of all the fuzzy points which belong
to A. That is, if A(x) is not zero for x ∈ X, then A(x) = sup{λ : P λx , 0 < λ ≤ A(x)}.
Definition 2.2.6 [6]. Two fuzzy sets A,B in X are said to be intersecting if and only if
there exists a point x ∈ X such that (A ∧ B)(x) 6= 0. For such a case, we say that A and
B intersect at x.
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Let A,B ∈ IX . Then A = B if and only if P ∈ A⇔ P ∈ B for every fuzzy point P in X.
Proposition 2.2.7 [6]. Let {Aj : j ∈ J} be a family of fuzzy sets in X, P ax and P by be
fuzzy points in X and f be a map of X into Y . Then we have the following:
1. P ax ∈ ∨{Aj : j ∈ J} if and only if there exists j ∈ J such that P ax ∈ Aj.
2. If P ax ∈ ∧{Aj : j ∈ J}, then for every j ∈ J we have P ax ∈ Aj.
3. P ax ∈ P by if and only if x = y and a < b.
4. If P ax ∈ P by and for every j ∈ J, P by ∈ Aj, then P ax ∈ ∧{Aj : j ∈ J}.
5. If P ax ∈ A, where A is a fuzzy set in X, then there exists a < b such that P bx ∈ A.
6. f(P ax ) = P
a
f(x)
7. f((P ax )
c) = (f(P ax ))
c
8. If P ax ∈ A, then f(P ax ) ∈ f(A)
9. If P ax ∈ f−1(B), then P af(x) ∈ B, where B is a fuzzy set in Y .
10. If P by ∈ f(A), then there exists x ∈ X such that f(x) = y and P ax ∈ A.
11. If P by ∈ B and y ∈ f(X), then for every x ∈ f−1(y) we have P bx ∈ f−1(B).
Proof. (1) P ax ∈ ∨{Aj : j ∈ J} if and only if there exists j ∈ J such that P ax ∈ Aj.
Let P ax ∈ Aj ⇒ a ≤ Aj(x)⇒ a ≤ max{Aj(x) : j ∈ J} ⇒ a ≤ (∨Aj)(x).
Again P ax ∈ ∨{Aj : j ∈ J} ⇒ a ≤ (∨j∈JAj)(x)⇒ a ≤ Aj(x)⇒ P ax ∈ Aj, j ∈ J .
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(4) If P ax ∈ P by and for every j ∈ J, P by ∈ Aj, then P ax ∈ ∧{Aj : j ∈ J}.
P ax ∈ P by ∈ Aj ⇒ P ax ∈ Aj ⇒ a ≤ Aj(x) ⇒ a ≤ min{Aj(x) : j ∈ J} ⇒ a ≤ (∧Aj)(x) ⇒
P ax ∈ ∧{Aj : j ∈ J}.
(6) f(P ax ) = P
a
f(x)
f(P ax )(y) =

sup{P ax (z) : z ∈ f−1(y)} if f−1(y) 6= φ
0 if f−1(y) = φ,
=

a if x ∈ f−1(y),
0 otherwise;
=

a if f(x) = y,
0 otherwise;
= P af(x)(y) ∀y ∈ Y ⇒ f(P ax ) = P af(x)
(7) f((P ax )
c) = (f(P ax ))
c
f((P ax )
c)(y)=
(P af(x))
c(y) =

1− a if y = f(x),
0 otherwise; · · · (i)
Now
(P ax )
c(z) =

1− a if z = x,
0 if z 6= x;
So
f((P ax )
c)(y) =

sup{(P ax )c(z) : z ∈ f−1(y)} if f−1(y) 6= φ
0 if f−1(y) = φ,
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=
1− a if x ∈ f−1(y),
0 otherwise;
=

1− a if f(x) = y,
0 otherwise; · · · (ii)
Thus f((P ax )
c) = (f(P ax ))
c.
Theorem 2.2.8 [8]. B is a base for an fts (X, τ) iff ∀A ∈ τ and for every fuzzy point P
in A, ∃B ∈ B such that P ∈ B ⊆ A.
Proof. Assume that B is a base for τ , that is, every A ∈ τ is a union of members of B.
Let A ∈ τ and Pαx ∈ A. So A ∈ τ ⇒ A =
⋃
i∈I{Bi : Bi ∈ B} ⇒ Pαx ∈ A =
⋃
i∈I{Bi : Bi ∈
B} ⇒ Pαx ∈
⋃
i∈I{Bi : Bi ∈ B} ⇒ Pαx ∈ Bx ⊆ A (for some Bx).
Conversely, assume that for each A ∈ τ and for each Pαx ∈ A, ∃ Bx such that Pαx ∈ Bx ⊂
A. Let A ∈ τ . To prove that A can be written as a union of members of B consider any
arbitrary Pαx ∈ A. So by hypothesis ∃ Bx ∈ B such that Pαx ∈ Bx ⊂ A⇒ A ⊂
⋃
Pαx ∈ABx.
Since Bx ⊂ A, for each Pαx ∈ A, therefore A =
⋃
Pαx ∈AB.
2.3 Closure and Interior of fuzzy sets
Definition 2.3.1 [6]. The closure A and the interior Ao of a fuzzy set A of X are defined
as
A = inf{K : A ≤ K,Kc ∈ τ}
Ao = sup{O : O ≤ A,O ∈ τ}
respectively.
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Example 2.3.2 [6]. Let A,B and C be fuzzy sets of I defined as
A(x) =

0 if 0 ≤ x ≤ 1
2
,
2x− 1 if 1
2
≤ x ≤ 1;
B(x) =

1 if 0 ≤ x ≤ 1
4
,
−4x+ 2 if 1
4
≤ x ≤ 1
2
,
0 if 1
2
≤ x ≤ 1;
C(x) =

0 if 0 ≤ x ≤ 1
4
,
4x−1
3
if 1
4
≤ x ≤ 1;
Then τ = {0, A,B,A∨B, 1} is a fuzzy topology on I. It can be easily seen that Cl(A) = Bc,
Cl(B) = Ac, Cl(A ∨B) = 1, Int(Ac) = B, Int(Bc) = A and Int(A ∨B)c = 0.
2.4 Neighborhood
Definition 2.4.1 [6]. A fuzzy point P λx is said to be quasi-coincident with A, denoted by
P λx qA, if and only if λ > A
c(x), or λ+ A(x) > 1.
Proposition 2.4.2 [6]. Let f be a function from X to Y . Let P be a fuzzy point of X,
A be a fuzzy set in X and B be a fuzzy set in Y . Then we have:
1 If f(P )qB, then Pqf−1(B).
2 If PqA, then f(P )qf(A).
3 P ∈ f−1(B), if f(P ) ∈ B.
4 f(P ) ∈ f(A), if P ∈ A.
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Proof. (1) Let P ≡ P ax , then
f(P ax )(y) =

sup{P ax (z) : z ∈ f−1(y)} if f−1(y) 6= φ
0 if f−1(y) = φ;
=

0 if f−1(y) = φ
a if x ∈ f−1(y), iff(x) = y
0 if x /∈ f−1(y);
Now, f(P ax ) ≡ P af(x) ⇒ f(P ax )qB = P af(x)qB.
Note that P af(x)qB ⇒ a+B(f(x)) > 1⇒ a+f−1B(x) > 1⇒ P ax qf−1(B), which completes
the proof.
Definition 2.4.3 [6]. A fuzzy set A in (X, τ) is called a neighborhood of fuzzy point P λx
if and only if there exists a B ∈ τ such that P λx ∈ B ≤ A; a neighborhood A is said to
be open if and only if A is open. The family consisting of all the neighborhoods of P λx is
called the system of neighborhoods of P λx .
Definition 2.4.4 [6]. A fuzzy set A in (X, τ) is called a Q-neighborhood of fuzzy point
P λx if and only if there exists a B ∈ τ such that P λx qB ≤ A. The family consisting of all
the Q-neighborhoods of P λx is called the system of Q-neighborhoods of P
λ
x .
Proposition 2.4.5 [6]. A ≤ B if and only if A and Bc are not quasi-coincident; particu-
larly, P λx ∈ A if and only if P λx is not quasi-coincident with Ac.
Proof. A(x) ≤ B(x) ⇔ A(x) + Bc(x) = A(x) + 1 − B(x) ≤ 1. In particular P λx ∈ A ⇒
λ ≤ A(x)⇒ λ+ Ac(x) ≤ A(x) + Ac(x)⇒ λ+ Ac(x) ≤ 1.
Theorem-2.4.6 [6]. A fuzzy point e ∈ Ao if and only if e has a neighborhood contained
in A.
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Theorem 2.4.7 [6]. A fuzzy point e = P λx ∈ A if and only if each Q-neighborhood of e is
quasi-coincident with A.
Proof. P λx ∈ A if and only if, for every closed set F ⊃ A,P λx ∈ F , or F (x) ≥ λ. By taking
complement, this fact can be stated as follows: P λx ∈ A if and only if, for every open set
B ⊂ Ac, B(x) ≤ 1− λ. In other words, for every open set B satisfying B(x) > 1− λ,B is
not contained in Ac. From proposition, B is not contained in Ac if and only if B is quasi-
coincident with (Ac)c = A. We have thus proved that P λx ∈ A if and only if, for every open
Q-neighborhood B of P λx is quasi-coincident with A, which is evidently equivalent to what
we want to prove.
Definition 2.4.8 [6]. A fuzzy point e is called an adherence point of a fuzzy set A, if and
only if, every Q-neighborhood of e is quasi-coincident with A.
Theorem 2.4.9 [6]. (A)c = (Ac)o, (Ac) = (Ao)c.
Definition 2.4.10 [6]. A fuzzy point e is called a boundary point of a fuzzy set A if and
only if e ∈ A ∧ Ac. The union of all the boundary points of A is called a boundary of A,
denoted by b(A). It is clear that b(A) = A ∧ Ac.
Definition 2.4.11 [6]. A fuzzy point e is called an accumulation point of a fuzzy set
A if and only if e is an adherence point of A and every Q-neighborhood of e and A are
quasi-coincident at some point different from supp(e), whenever e ∈ A. The union of all
the accumulation points of A is called the derived set of A, denoted by Ad. It is evident
that Ad ⊂ A.
Theorem 2.4.12 [6]. A = A ∨ Ad, where Ad is the derived set of A.
Proof. Let Ω = {e : e is an adherence point of A}. Then, from Theorem (2.4.7) A = ∨Ω.
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On the other hand, e ∈ Ω is either “e ∈ A”or “e /∈ A”; from the Definition (2.4.11) we
have e ∈ Ad, hence A = ∨Ω < A ∨ Ad. The converse part follows directly.
Corollary 2.4.13 [6]. A fuzzy set A is closed if and only if A contains all the accumulation
points of A.
Proof. We know that A = A ∨ Ad. A fuzzy set A is closed if A = A and since A = A =
A ∨Ad, therefore Ad ≤ A. Conversely, if A contains all the accumulation point of A, then
Ad ≤ A and hence, A = A ∨ Ad ⇒ A = A.
2.5 Fuzzy continuous map
Definition 2.5.1 [1]. Given fuzzy topological space (X, τ) and (Y, γ), a function f : X →
Y is fuzzy continuous if the inverse image under f of any open fuzzy set in Y is an open
fuzzy set in X; that is if f−1(ν) ∈ τ whenever ν ∈ γ.
Proposition 2.5.2 [1]. (a) The identity idX : (X, τ) → (X, τ) on a fuzzy topological
space (X, τ) is fuzzy continuous.
(b) A composition of fuzzy continuous functions is fuzzy continuous.
Proof. (a) For ν ∈ τ, id−1X (ν) = ν ◦ idX = ν.
(b) Let f : (X, τ) → (Y, γ) and g : (Y, γ) → (Z, β) be fuzzy continuous. For η ∈ β,
(g ◦ f)−1(η) = η ◦ (g ◦ f) = (η ◦ g) ◦ f = f−1(η ◦ g) = f−1(g−1(η)). g−1(η) ∈ γ since g is
fuzzy continuous, and so (g ◦ f)−1(η) = f−1(g−1(η)) ∈ τ since f is fuzzy continuous.
Proposition 2.5.3 [1]. Let (X, τ) be fuzzy topological space. Then every constant
function from (X, τ) into another fuzzy topological space is fuzzy continuous if and only if
τ contains all constant fuzzy sets in X.
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Proof. Suppose that every constant function from (X, τ) into any fuzzy topological space
is fuzzy continuous and consider the fuzzy topology γ on [0, 1] defined by γ = {0¯, 1¯, id[0,1]}.
Let k be a real number, 0 ≤ k ≤ 1. The constant function f : X → [0, 1] defined by
f(x) = k, for every x ∈ X, is fuzzy continuous, and so f−1(id[0,1]) ∈ τ . But for x ∈ X,
f−1(id[0,1])(x) = id[0,1](f(x)) = id[0,1](k) = k, whence the constant fuzzy set k in X belongs
to τ .
Conversely, suppose that τ contains all constant fuzzy sets in X and consider a constant
function f : (X, τ) → (Y, γ) defined by f(x) = y0. If ν ∈ γ, then for any x ∈ X we have
f−1(ν)(x) = ν(f(x)) = ν(y0), so that f−1(ν) is a constant fuzzy set in X and hence, a
member of τ . Thus, f is fuzzy continuous.
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Chapter 3
Compactness and Separation Axioms
3.1. Compact Fuzzy Topological Space
Definition 3.1.1 [1]. A fuzzy topological space (X, τ) is compact if every cover of X by
members of τ contains a finite subcover, i.e. if Ai ∈ τ , for every i ∈ I, and ∨i∈IAi = 1¯,
then there are finitely many indices i1, i2, · · · , in ∈ I such that ∨nj=1Aij = 1¯.
Theorem 3.1.2. Let (X, τ) and (Y, γ) be fuzzy topological spaces with (X, τ) compact,
and let f : X → Y be a fuzzy continuous surjection. Then (Y, γ) is also compact.
Proof. Let Bi ∈ γ, for each i ∈ I, and assume that ∨i∈IBi = 1¯Y . For each x ∈
X,∨i∈If−1(Bi)(x) = ∨i∈IBi(f(x)) = 1¯X . So the τ -open fuzzy sets f−1(Bi)(i ∈ I) cover
X. Thus, for finitely many indices i1, i2, · · · , in ∈ I,∨nj=1f−1(Bij) = 1¯X . If B is any
fuzzy set in Y , the fact that f is a surjection mapping onto Y implies that, for any y ∈
Y, f(f−1(B))(y) = sup{f−1(B)(z) : z ∈ f−1(y)} = sup{(B)f(z) : f(z) = y} = B(y) ⇒
f(f−1(B)) = B. Thus, 1¯Y = f(1¯X) = f(∨nj=1(f−1(Bij))) = ∨nj=1f(f−1(Bij)) = ∨nj=1Bij .
Therefore, (Y, γ) is also compact.
Lemma 3.1.3 (Alexander Subbase Lemma) [1]. If S is a subbase for a fuzzy topo-
logical space (X, τ), then (X, τ) is compact iff every cover of X by members of S has a
finite sub cover (i.e. if Aα ∈ S for each α ∈ Λ and ∨α∈ΛAα = 1¯, then there are finitely
many indices αi, (i = 1, 2, · · · , n) such that ∨ni=1Aαi = 1¯).
Definition 3.1.4 [1]. Let (Xi, τi) be a fuzzy topological space, for each index i ∈ I. The
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product fuzzy topology τ =
∏
i∈I τi on the set X =
∏
i∈I Xi is the coarsest fuzzy topology
on X making all the projection mappings pii : X → Xi fuzzy continuous.
Theorem 3.1.5 (Fuzzy Tychonoff Theorem) [1]. Let n be a positive integer and for
each i = 1, 2, · · · , n, let (Xi, τi) be a compact fuzzy topological space. Then (X, τ) =
(
∏n
i=1 Xi,
∏n
i=1 τi) is compact.
Proof. We will say that a collection of open fuzzy sets of a fuzzy topological space has the
finite union property (FUP) if none of its finite sub collections cover the space (i.e. none
of its finite sub collections have supremum identically equal to 1¯). Since S = {pi−1i (Ai) :
Ai ∈ τi, i = 1, 2, · · · , n} is a subbase for (X, τ), by the Lemma it suffices to show that no
subcollection of S with FUP covers X. Let C be a sub collection of S with FUP. For each
i = 1, 2, · · · , n let Ci = {A ∈ τi : pi−1i (A) ∈ C}. Then Ci is a collection of open fuzzy
sets in (Xi, τi) with FUP. Indeed, if Ai,1, Ai,2, · · · , Ai,k ∈ Ci satisfy
∨k
j=1Ai,j = 1¯Xi , then∨k
j=1 pi
−1
i (Ai,j) = pi
−1
i (
∨k
j=1Ai,j) = pi
−1
i (1¯Xi) = 1¯X , and this would contradict the fact that
C has FUP. Therefore, by the compactness of (Xi, τi), the collection Ci cannot cover Xi,
and we can select a point xi ∈ Xi such that (
∨
Ci)(xi) = ai < 1. Now if we consider the
point x = (x1, x2, · · · , xn) ∈ X and the collection C ′i = {pi−1i (A) : A ∈ τi}
⋂
C, then it
follows that (
∨
C ′i)(x) =
∨{pi−1i (A)(x) : A ∈ τi and pi−1i (A) ∈ C} = ∨{A(xi) : A ∈ τi and
pi−1i (A) ∈ C} = (
∨
Ci)(xi) = ai.
Further noting that C =
⋃n
i=1 C
′
i, we obtain (
∨
C)(x) =
∨n
i=1(
∨
C ′i)(x) =
∨n
i=1(
∨
Ci)(xi) =∨n
i=1 ai which is strictly less than 1 since each of the finitely many real numbers ai is strictly
less than 1. Thus
∨
C 6= 1¯, as desired.
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3.2. Fuzzy Regular Space
Definition 3.2.1. An fts (X, τ) will be called regular if for each fuzzy point P and each
fuzzy closed set C such that P ∧ C = 0¯ there exist fuzzy open sets U and V such that
P ∈ U and C ⊆ V .
Proposition 3.2.2. Every subspace of regular space is also regular.
Proof. Let X be a fuzzy regular space and A be a subspace of X. We have to prove
that A is regular. Recall that τA = {GA : G ∈ τ}, where G = {(x, µG(x)) : x ∈ X} and
GA = {(x, µG|A(x)) : x ∈ A}. Let Pαx be fuzzy point in A and FA is closed set of A such
that Pαx /∈ FA. Since A is a subspace of X, therefore Pαx ∈ X and there is a closed set F in
X, which generated the closed subset FA of A. Since X is regular space and P
α
x ∧ F = 0¯
there exist open sets U and V such that Pαx ⊆ U = (x, µU) and F ⊆ V = (x, µV ). Thus
UA = (x, µU |A), VA = (x, µV |A) are open sets in A such that Pαx ⊆ UA and FA ⊆ VA. Hence
A is a regular subspace of X.
Proposition 3.2.3. If a space X is a regular space, then for any open set U and a fuzzy
point P ∈ X such that P ∩U ′ = 0¯, there exists an open set V such that P ∈ V ⊆ V ⊆ U .
Proof. Suppose that X is a fuzzy regular space. Let U = {(x, µU) : x ∈ X} be a fuzzy
open set of X such that Pαx ∩ U ′ = 0. Then U ′ = (x, 1− µU) is fuzzy closed set of X such
that Pαx /∈ U ′ = (x, 1 − µU) and hence, Pαx ∈ U . Since X is regular, therefore there exist
two disjoint fuzzy open set V and W such that Pαx ∈ V and U ′ ⊆ W . Now W ′ is a closed
set of X such that V ⊆ W ′ ⊆ U . Thus, Pαx ∈ V ⊆ V and V ⊆ W ′ ⊆ U and hence, V ⊆ U .
This proves that Pαx ∈ V ⊆ V ⊆ U .
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3.3. Fuzzy Normal Space
Definition 3.3.1. A fuzzy topological space (X, τ) will be called normal if for each pair
of fuzzy closed sets C1 and C2 such that C1 ∧ C2 = 0 there exist fuzzy open sets M1 and
M2 such that Ci ⊆Mi(i = 1, 2) and M1 ∧M2 = 0.
Proposition-3.3.2. If a space X is a normal space, then for each closed set F of X
and any open set G of X such that F ∧ G′ = 0 there exists an open set GF such that
F ⊆ GF ⊆ GF ⊆ G.
Proof. Let X be a normal space. Let F be a fuzzy closed set in X and G be an fuzzy
open set in X such that F ∧G′ = 0, then F ⊆ G. Let G = (x, µG) and F = (x, µF ), then
F and G′ are two disjoint fuzzy closed sets of X. Since X is fuzzy normal, so ∃ two disjoint
fuzzy open sets GF and GG′ such that F ⊆ GF and G′ ⊆ GG′ and GF ∧ GG′ = 0. Thus,
GF ⊆ G′G′ , but G′G′ is a fuzzy closed set and hence GF ⊆ G′G′ . Thus from the above we
have F ⊆ GF ⊆ GF ⊆ G.
3.4. Other Separation Axioms
Definition 3.4.1 [9]. An fts (X, τ) is said to be fuzzy T0 iff ∀x, y ∈ X, x 6= y, ∃ U ∈ τ
such that either U(x) = 1 and U(y) = 0 or U(y) = 1 and U(x) = 0.
Definition 3.4.2 (a) [9]. An fts (X, τ) is said to be fuzzy T1- topological space iff
∀x, y ∈ X, x 6= y, ∃ U, V ∈ τ such that U(x) = 1, U(y) = 0 and V (y) = 1, V (x) = 0.
Definition 3.4.2(b) [7]. An fts (X, τ) is F − T1 iff singletons are closed.
Definition 3.4.3(a) [7]. An fts (X, τ) is said to be Hausdorff or fuzzy T2 iff the following
conditions hold:
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If p, q are any two disjoint fuzzy points in X then
(i) if xp 6= xq, ∃ open sets Vp and Vq, such that p ∈ Vp, q /∈ V p, q ∈ Vq, p /∈ V q;
(ii) if xp = xq, and µp(xp) < µq(xp), then ∃ an open set Vp such that p ∈ Vp, but q /∈ V p.
Definition 3.4.3(b) [8]. A fts (X, τ) is said to be fuzzy Hausdorff iff for any two distinct
fuzzy points p, q ∈ X, there exist disjoint U, V ∈ τ with p ∈ U and q ∈ V .
Definition 3.4.4 [7]. An fts (X, τ) is F − T3 iff it is T1, or F − T1 and regular.
Definition 3.4.5 [7]. An fts (X, τ) is F − T4 iff it is T1, or F − T1 and normal.
Proposition 3.4.6. Every subspace of T1-space is T1.
Proof. Let X be a T1 fuzzy topological space and A be a subspace of X. So τA =
{GA |GA = (x, µG|A), G ∈ τ}. Let x, y ∈ A such that x 6= y. Then x, y ∈ X are two
distinct points and as X is T1, there exist U, V ∈ τ such that U(x) = 1, U(y) = 0 and
V (y) = 1, V (x) = 0. Then, UA and VA are fuzzy open sets of A such that UA(x) = 1,
UA(y) = 0 and VA(y) = 1, VA(x) = 0. This shows that A is also T1.
Theorem 3.4.7 [8]. A fuzzy subspace of a fuzzy Hausdorff topological space is fuzzy
Hausdorff.
Proof. Let X be a fuzzy Hausdorff topological space and A be a subspace of X. Let
Pαx , P
β
y be any two arbitrary points in A with P
α
x 6= P βy . Then, we have Pαx , P βy ∈ X, with
Pαx 6= P βy . Since, X is a Hausdorff space therefore ∃ U, V ∈ τ such that Pαx ∈ U , P βy ∈ V
and U ∩ V = 0. Since U, V are fuzzy open subsets of X and µU(z) ∧ µV (z) = 0, for every
z ∈ X, therefore UA = (x, µU|A) and VA = (x, µV|A) are fuzzy open subsets of A such that
Pαx ∈ UA, P βy ∈ VA and UA ∩ VA = 0, . Thus (A, τA) is also a fuzzy Hausdorff topological
space.
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Proposition 3.4.8 [7]. No subset of a Hausdorff fts can be compact.
Corollary 3.4.9 [7]. Singletons in an Hausdorff fts are not compact.
Theorem 3.4.10 [8]. If {(Xi, τi) : i ∈ I} is a family of fuzzy Hausdorff topological spaces,
their product(X, τ) is also fuzzy Hausdorff.
Proof. Let {Xi : i ∈ I} be a family of fuzzy Haudorff spaces and X =
∏
i∈I Xi. We have
to show that X is fuzzy Hausdorff.
Let Pαx , P
β
y ∈ X with Pαx 6= P βy . We know that the projection Pi : X → Xi, i ∈ I
is fuzzy continuous. Pαx 6= P βy ⇒ there exists some i0 ∈ I such that say Pαx = m and
P βy = n, Pi0(m) = Pi0(n)⇒ mi0 6= ni0 and we have Pi0 : X → Xi0 and here mi0 , ni0 ∈ Xi0
with mi0 6= ni0 . Xi0 is fuzzy Hausdorff ⇒ there exists open sets U and V in Xi0 such that
mi0 ∈ U and ni0 ∈ V and U ∩ V = φ. P−1i0 (U) open ⊂ X and P−1i0 (V ) open ⊂ X. Since
Pi0 is continuous mi0 ∈ U ⇒ Pi0(m) ∈ U ⇒ m ∈ P−1i0 (U) again ni0 ∈ V ⇒ Pi0(n) ∈ V ⇒
n ∈ P−1i0 (V ).
Claim. P−1i0 (U) ∩ P−1i0 (V ) = φ. Suppose to the contrary P−1i0 (U) ∩ P−1i0 (V ) 6= φ. This
⇒ some q ∈ P−1i0 (U) ∩ P−1i0 (V ) ⇒ q ∈ P−1i0 (U) and q ∈ P−1i0 (V ) ⇒ Pi0(q) ∈ U and
Pi0(q) ∈ V ⇒ qi0 ∈ U and qi0 ∈ V ⇒ U ∩V = φ which is a contradiction. Therefore (X, τ)
is also fuzzy Hausdorff.
Proposition 3.4.11. Every subspace of T3-space is T3.
Proof. We know that T3 = T1+Regular. The proof follows by noting that every subspace
of T1-space is T1 and every subspace of regular space is regular.
Proposition 3.4.12. Every subspace of T4-space is T4
Proof. We know that T4 = T1+Normal. Since every subspace of T1-space is T1 and every
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subspace of normal space is normal, therefore every subspace of a T4-space is T4.
Theorem 3.4.13 [7]. An F − T2-space is an F − T1-space.
Proof. Let p be a fuzzy point in X. Then any point q ∈ {p}′ belongs to an open set Vq such
that µ{p}′(xp) ≥ µV q(xp). So Vq ⊂ {p}′. If, on the other hand, p is crisp, let xq ∈ X −{xp}
be arbitrary. If {qn, n ∈ N} be a sequence of fuzzy points, where xqn = xq,∀n ∈ N and
the sequence {µqn(xq), n ∈ N} is decreasing and converges to zero, then there exists a
sequence of open sets {Vpqn , n ∈ N}, such that p ∈ Vpqn and qn /∈ V pqn ,∀n ∈ N , as (X, τ)
is Hausdorff. Therefore, if P =
⋂
n∈N V pqn , then P is a closed set, where µp(xq) = 0 and
µp(xp) = 1. So P
′ is an open set contained in {p}′ and containing the crisp point q.
Theorem 3.4.14 [7]. An F − T3-space is an F − T2-space.
Proof. Let p, q be two fuzzy points, where xp 6= xq and let w be a third fuzzy point, where
xw = xp and µw(xp) > 1− µp(xp). Then {w}′ is open and
µ{w}′(x) =

1− µw(xp) < µp(xp) for x = xp,
1 otherwise.
Therefore q ∈ {w}′, but p /∈ {w}′. Now since (X,T ) is regular, there exists Vq ∈ τ such
that q ∈ Vq ⊂ V q ⊂ {w}′. Obviously then, p /∈ V q. Similarly, an open set Vp can be
determined such that p ∈ Vp and q /∈ V p.
Theorem 3.4.15 [7]. An F − T4-space is an F − T3-space.
Proof. Let (X, τ) be a regular space. Let p ∈ X and V ∈ τ . Since X is F −T4 it is F −T1
and normal. Since X is F − T1. {p} is a closed set in X. Since X is normal. There exists
G ∈ τ such that {p} ⊂ G ⊂ G ⊂ V ⇒ p ∈ G ⊂ G ⊂ V .
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